Gear tooth surface wear is a common failure mode. It occurs over relatively long periods of service nonetheless, it degrades operating efficiency and lead to other major failures such as excessive tooth removal and catastrophic breakage. To develop accurate wear detection and diagnosis approaches at the early phase of the wear, this paper examines the gear dynamic responses from both experimental and numerical studies with increasing extents of wear on tooth contact surfaces. An experimental test facility comprising of a back-to-back two-stage helical gearbox arrangement was used in a run-tofailure test, in which variable sinusoidal and step increment loads along with variable speeds were applied and gear wear was allowed to progress naturally. A comprehensive dynamic model was also developed to study the influence of surface wear on gear dynamic response, with the inclusion of time-varying stiffness and tooth friction based on elasto-hydrodynamic lubrication (EHL) principles.
Introduction
Helical gears are commonly employed for power transmissions in a wide range of industrial machines such as wind turbines, helicopters, marine power trains and motor vehicles. As these applications are often of high criticality, condition monitoring of gears has received significant attentions in recent years. Tooth surface wear is a common failure mode of transmission systems, that takes place over a long period of service time, it has a negative influence on the dynamic behaviour and vibration response of the gear train [1, 2] . The diagnosis of wears as early as possible can avoid catastrophic failures and improve system availability [3] [4] [5] . To enable an on-line health monitoring capability, vibration signature analysis has been widely used as an effective tool for machine diagnostic inference.
A wide number of dynamic models for various gearbox systems have been presented in [6] [7] [8] [9] , in which both torsional and translational vibration responses of gears were studied as a tool for aiding gear fault diagnosis. A variety of models have been developed for the diagnostics of different faults, such as gear spalling or tooth breakage [7, [10] [11] [12] , tooth crack [13] [14] [15] [16] , shaft misalignment [17, 18] , tooth surface pitting and wear [19] [20] [21] [22] [23] [24] [25] . More models have been developed to analyse the time varying mesh stiffness in a helical gear [26] [27] [28] [29] [30] and to study the effect of parametrical design on the dynamic behaviour of helical gear system [31] [32] [33] [34] . Numerical models can be very valuable for gaining in-depth understanding of the complex interaction between transmission components, whereby effective methods to process vibration signals for implementing accurate and reliable diagnostics can be developed. However, few models have been presented for fault detection and diagnosis in helical gear systems, likely due to the increased complexity of time-varying contact lines during the meshing process.
Several studies have been performed to develop analytical methods for modelling helical gear stiffness. Kar and Mohanty [35, 36] suggested an algorithm for determination of the time-varying stiffness, time varying frictional force and torque between meshing teeth and the bearings in a helical gear system. This algorithm was revised and refined by Jiang et al. [37] [38] [39] to develop more accurate representations in stiffness variations of helical gears during the mesh process. They investigated the effect of spalling defect, tooth breakage and mesh misalignment on the helical gear dynamic features.
Chang Q. et al. [40] used the same algorithm to develop a dimensionless method for studying the nonlinear characteristics of helical gear model. Maczak J. [41] presented a simulation model based on finite element method (FEM), for detection of local faults like pitting and tooth fracture in helical gears using abnormalities in the time vibration signal, whereas long computation time is required with FEM. A number of dynamic models of spur and helical gear systems incorporated with a wear formulation were studied by Ding H. [21, 42] , in terms of gear design modifications. However, more accurate models are needed to investigate the wear effect on helical gear dynamic performance for easier demonstrating and evaluating the condition monitoring perspective.
Numerous dynamic models of gear systems were incorporated with a generalized wear formulation to predict the interactions between the dynamic behaviour and tooth surface wear [20] . A family of dynamic models of spur and helical gear systems incorporated with a wear formulation based on
Archard's wear model [24, [43] [44] [45] [46] [47] [48] [49] due to its simplicity, however it requires an experimental wear coefficient that is difficult to be determined as it depends on many aspects such as material properties, lubricants, surface quality, operating conditions [24] . In dynamic respect, the wear effect is mainly characterized by loss of tooth profile that represented by modulated mesh excitations [25, 50, 51] , to investigate the effects of surface wear on system's dynamic characteristics. They indicated that tooth surface wear and gear dynamics are highly interacted, whereas tooth wear may cause unfavourable changes in the tooth surface topography and have a significant adverse effect on gear life and performance. However, limited number of contributions have been reported to include the combined influence of wear evolutions and vibrations for helical gears with respective to accuracy and easiness of implementation for condition monitoring and diagnostics for the early stages of wear. In addition, monitoring of gear wear based on vibration is not particularly well-established [52] and most of the models either ignore or assume constant frictional effects, which is likely to be very different from real applications where the load and hence the frictional forces vary during the meshing process.
Various models have been produced to evaluate the effect of sliding friction on spur and helical gear dynamic responses [53] , based on FEM [54] [55] [56] and numerical modelling [57] , using different values of the coefficient of friction. These have indicated that friction appears as a non-negligible excitation source, which can generate significant time-varying excitations and enhance the amplitudes of the lower and higher harmonics of the translational responses, which in turn can enhance conventional diagnostic features [58] . To date, few studies have focused on the diagnostics of tooth surface wear with the inclusion of frictional effects and most of the presented helical gear models have not been validated with the experimental work.
The main objective of this study is to develop a computationally efficient and stable analysis of the dynamic response of a helical gearbox for the purpose of condition monitoring. To this end, a numerical model is developed to simulate time-varying mesh stiffness, coupled with EHL frictional model and tooth wear characteristics, as a basis for increasing the accuracy of gear diagnostics by examining the changes in dynamic forces and the corresponding vibration responses under different degrees of tooth surface wear. The results obtained from the model is then validated by vibrations acquired from a run-to-failure experimental approach. As a result, an accurate diagnostic model is presented to define effective indicator features of tooth surface wear defects.
Modelling Tooth Wear in Helical Gears
Gear wear results in deviation from gear tooth profile and thickness as well as altering load distributions and contact stresses, which can accelerate the occurrence of other failure modes such as pitting and scoring [20, 59] . Stiffness reduction is commonly used in dynamic gear mesh models to represent tooth surface defects [19, 60, 61] . Tooth surface wear can cause sliding and the normal load amplitudes to vary with the position of the contact on the tooth surfaces, in turn this can cause difficulties with the computation of load distributions for the gears [62] . Wear tends to accumulate gradually with operation durations and may cause progressive change in the contact regions due to the tooth profile alterations [63] . As a result, the shape of the tooth is varying continuously due to the progressive effect of wear. Eventually, it influences the vibration behaviour because of changes in gear meshing parameters such as backlash, centre distance, tooth thickness, pressure angle etc. [64] . Figure 1 shows a single cross-sectional plane of a helical gear mesh with involute teeth whereby the contact points passing through the line of action (LOA) moves from point C to point D. A uniform tooth surface wear is also shown, which gives an approximate explanation to the effect of wear on tooth pattern geometry. An increase in wear severity on tooth surface will enlarge the gear centre distance and the pressure angle, while the length of the LOA will be decreased [65] . This implies that gear stiffness will have a slighter decrease whereas the parametric excitation is severer in a gear dynamic system. As a consequence of wear, higher dynamic forces along with higher frictional effects will be induced during the meshing process.
Time-Varying Contact Length for Modelling Wear
The power transmission of helical gears produces radial, tangential and axial dynamic forces on the mesh points, which excite vibrations in these directions [66, 67] . To examine these dynamic forces, a coordinate system is arranged as shown in Figure 2 (a), in which the x-axis is aligned with the offline of action (OLOA) and directed perpendicularly to the plane of action ( CDDC ), the y-axis is aligned to the line-of-action (LOA), which is perpendicular to both the shaft axis and x-axis, and finally the z-axis is aligned (axial) along the centreline of the shafts. 
where the variables can be specified according to the relationships in Figure 2 :
''mod'' is the modulus function defined as [68] , 
( 1) 
θp is the pinion rotational angle, Pangle and Pt denote the pitch duration angle and the circular transverse base pitch of the gear teeth respectively. The number of contact pairs is denoted as i=1, 2, …, n, whereas n represents the maximum number of contact teeth, which is the upwards rounding of the number of contact pairs, n=ceil(εa1+εb1). Also, rbp is the base radius of the pinion, rap is the addendum radius of the pinion, rag and rbg are the addendum and base radius of the gear, rp and rg are the pitch circle radius of the pinion and gear respectively, whereas βb and αt are the base helical angle and transverse pressure angle respectively.
As previously mentioned, the length of each contact line increases gradually from the root of one end of the tooth face and then remains constant before decreasing to zero, and because of this then the total of the contact lines is the summation of the instantaneous contact lines of the teeth pairs in the mesh cycle:
which can be illustrated in Figure 3 . It shows that the contact lines exhibit a periodic variation with angular displacement of the pinion gear. Such variations will induce time-varying frictional excitations in meantime they cause the time variations in gear mesh stiffness and damping variations [36] . 
Effect of Wear on Time Varying Mesh Stiffness
To investigate the effects of surface wear on system's dynamic characteristics, the wear effect is modelled by the loss of tooth profile as that of [25, 50, 51] , which is much easier to be implemented.
Moreover, the material loss on the tooth surface is more uniformly in the early or mild wear phases.
The uniform tooth wear adopted for the helical gears is considered to be more realistic for early operations as the gear operating conditions are under a relatively wide range in which the stress distribution spread more widely across tooth surfaces and hence uniform material removes, provided that gear meshes under adequate lubrication, high quality surface finishing and high quality of surface contact [22, 43, 45, 47] . In addition, tooth wear also reduces slightly the thickness of the tooth and increases the roughness of the surfaces, which can all induce a reduction in stiffness.
Dynamic measurements have verified that the mesh stiffness of a helical gear is roughly proportional to the sum of the lengths of the contact lines of all the tooth pairs in contact [69] . The contact line for a helical gear pair can be determined from the kinematic compatibility between the numerically generated surfaces of the teeth in contact, as expressed by Kar and Mohanty [35, 36] and subsequently modified by Jiang [37, 39] . The number of contact lines present in the contact zone depends upon the basic parameters of the gears, such as the normal module, the helix angle, the face width and the transmission ratio.
The summation of the lengths of the contact lines can be used as an alternative method to identify the varying mesh stiffness of helical gears [35] [36] [37] [38] [39] , which is otherwise difficult to obtain due to the complexity of the contact geometry. The overall stiffness function is defined as a combination of the total length of the contact lines and a constant mesh stiffness density per unit length along the contact lines, as expressed in the ISO Standard Number 6336 [39, 57] . End of meshing of first pair (3xPitch) where ko is the mesh stiffness density per unit length, which is calculated by the combination of bending stiffness kb, shear stiffness ks and axial compressive stiffness ka with the Hertzian contact stiffness kh and the tooth root fillet stiffness kf of one slice of the tooth pair, which can be calculated as [15, 70] :
where, the subscripts 1, 2 denote the pinion and gear, respectively. However, the gear mesh stiffness is influenced by worn tooth surfaces, as reflected in the reduction in tooth stiffness. Due to this decrease, the gear mesh stiffness is itself decreased and retarded angularly. The extent of subsequent tooth deflection depends upon the extent of tooth wear as illustrated in Figure 4 (a).
Figure 4 Time-varying mesh stiffness variations with different wear severities
As a consequence of tooth stiffness changes, a higher contact force will be produced for the same torque delivered at any given mesh position as shown in Figure 4 (b) according to [39] : 
Frictional Excitation
Friction force variation has fluctuates considerably along the meshing line and as such it is a considerable source of helical gear system excitation [40, 71] . To investigate more accurately the influence of gear lubricant parameters on dynamic response, a theoretical friction coefficient can be derived from elasto-hydrodynamic lubrication (EHL) and tribological theory [72] and in this study this was considered as the dominant mode of lubrication associated with the gear meshing surfaces.
The friction representation formula used in this study was derived by Xu et al. [73] , from experimental study and this can be used in a numerical simulation as a means of studying the process of EHL. The friction coefficient μ can be written: 
In Xu's expressions, vk and vo are the kinematic and dynamic viscosities respectively of the lubricant EP320 that was used in the experimental test. Ph is the maximum Hertzian pressure, SR is the slideto-roll ratio, Ve is the entrainment velocity and R is the combined radius of curvature. S is the root mean-square surface roughness (set such that S=0.07μm based on the manufacturing accuracy of the gear), which is the mean value used in [73] . The constant parameters: b1 … b9 are also used with the values proposed in the same reference. In the same way, tooth surface wear will result in higher moments about the gear centres and higher frictional forces in the translational motions of OLOA. As a consequence, additional noise and undesired vibrations are generated. In this study, the friction force is assumed to be uniformly distributed along the contact lines, hence splitting into two components with opposite directions as shown by FL1, FL2, FR2, FR3 in Figure 2 (a), which are perpendicular to the mesh plane. The right and left torque arms (Xri(t) and Xli(t)) of each friction force segment are obtained by taking the midpoint distance of each piece of the contact line length Lri(t) and Lli(t) as explained in [37, 39] . Hence, the friction force of the i th segment of the contact line at the meshing instance is given by:
where μi(t) is the time varying friction coefficient based on the EHL model of each contact line and Ni(t) is the normal resultant force of the stiffness and damping forces within the meshing contact.
Moreover, the frictional torque of each contact line is determined from the moment formed by the friction force and the radius of curvature of each segment (Xri(t) and Xli(t)) as:
Hence, the total friction force and the torque of all of the engaged tooth pairs (n) can be found from: As shown by the geometric specification in Table 1 , the chosen gear train system is a speed increaser, typical of that used in many industrial applications. The model includes six inertias, one each for the load motor, drive motor, two pinions and two gears, the latter four are denoted for the two stages of the gearbox using subscripts p1, g1, p2 and g2. LOA, OLOA and axial or shaft direction). The shafts between the system components are represented by torsional stiffness and torsional damping components K1, K2, K3, C1, C2 and C3. Furthermore, the model takes into account the influence of the driving torque and load torque Tm and TL respectively. The equations of motion were represented in the state space form and then solved using the MATLAB ODE solver. The governing equations of motion for the model, depicted in Figure 6 , were derived with the following assumptions: 2  2  2  1  2  2  1  2  2  2  2  2  2  2  2  2   2  2  2  2  2  2  2 
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As these coupled equations are nonlinear, a numerical solution was derived to study the vibration responses under different conditions. A Runge-Kutta algorithm, with a fixed time step, was used to integrate the governing differential equations to produce the time domain responses of the system, in line with the time varying mesh stiffness and the EHL frictional excitations. The initial conditions were set to the steady state values for the rotational variables and zeros for the translations. In this way the solutions converged to a constant speed of interest after a short transient process.
Validation Tests
To validate the model, a number of vibration datasets were obtained from a run-to-failure gear test.
The test was based on a representative two-stage helical gearbox test system as shown in Figure 7 .
The system consists of two industrial gearboxes installed back-to-back in series. The first gearbox is driven by an AC drive motor, and acts as a speed reducer, whilst the second gearbox is a speed increaser connected to a DC loading motor. Both gearboxes have two stage helical gears as detailed in Table 1 , with a gear ratio of 3.678 and a rated power of 13.1 kW. The rig is driven by 15 kW AC motor at 1460 rpm while a DC motor/generator used to apply different loads. A closed loop control system, as depicted in Figure 8 , was used for setting up the required operating conditions of the test rig via a touch screen interface which enabled the control of overall test duration, speed, load and number of operating cycles within a load setting. To simulate variable load operating scenarios experienced by wind turbine and helicopter gearboxes [74, 75] , different operating loads and speeds were applied to the system, whereby the test rig operated for more than 800 hours under two different loading regimes: sinusoidal variable load which fluctuates at a frequency of 0.077 Hz, from 0 up to 12.5 kW with 1038rpm speed (70% of rated speed) followed by an increasing 25% stepped load at 70% and 50 % rated speed, the total test time being 
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Signals in the Time and Frequency Domains
The tooth surface wear was found to affect the dynamic signals of the gearbox, resulting in higher vibration and noise. Time-domain analysis can be used as an effective indicator of the impulsive vibration of gear faults [11] , but the spectrum is also commonly used for monitoring machine vibration characteristics. So, the numerical solutions were converted into accelerations by differentiating the velocity responses, which themselves had been derived from time data using the FFT.
In addition, to implement an effective means of detecting wear, time synchronous averaging (TSA) was applied to the experimental test data, TSA can suppress the influences of noise, which are
asynchronous to those features of interest [76] . Figure 12 (a) shows the time domain vibration responses after applying TSA to the experimental raw data, whereas Figure 12 
Vibration at Meshing Frequencies
Existing studies have reported that tooth surface wear would lead to increases in the amplitude of tooth meshing harmonics, whereas the amplitude variations of higher order meshing harmonics can introduce useful and reliable information in detecting gear wear at its early stage [77, 78] . The 2 nd harmonic peaks show that under 100% load, the vibration level at 70% speed is lower than 50% speed as illustrated in Figure 15 (c). This could be because of the nonlinearity effect of the contact process, in which the high load can change the hertz contact deformation and the contact stiffness that implemented between the meshing teeth. Moreover, resonance can be another possible parameter that result in higher excitation within a particular frequency range. Similarly, the predicted spectral peaks of the 2 nd and 3 rd harmonic components from the EHL model also clearly increase, but not generally by as much as 50% at 10% wear, which suggests that more tooth surface wear has happened between the gears. This could be due to the reversed friction force at the pitch point and/or to the fluctuating nature of the meshing process between two and three contact pairs. Evidently, these features can be considered as an effective indicator to diagnose wear severity between meshing gears. Hence, to identify tooth surface faults, the higher harmonics of the meshing frequency should be examined. By means of contrast, the amplitude of the vibration for the second stage meshing frequency components are illustrated in Figure 16 and Figure 17 , for these unworn gears there is no evident trend in either the experimental or model-predicted results. However, same nonlinearity effect can be illustrated in Figure 15 (c) , which is consistent with the performance of the 2 nd harmonic peaks (Figure 15 (c) ). This could be due to the large inducing effect of resonance within this frequency range. 
The Response to Wear with Different Gear Parameters
For further validation of the numerical model, different gear geometries were examined to explore the effect of tooth surface wear on meshing frequency components. Different tooth face widths and helix angles were simulated in the model with consideration of the effect that these changes have on the gear geometry parameters which affect the calculation of contact line length. Figure 20 shows the effect of wear on the meshing gear components for different tooth face widths. From Figure 20 , it can be seen that the 2 nd and 3 rd harmonics increase by more than 50% with 10% wear severity for a range of different tooth widths. A lower vibration level can be observed with decreasing tooth width, as a result of reduced frictional effects. The same trend behaviour with wear degree for low and high helix angles is identified at the 1 st and 2 nd harmonics of the mesh frequency as illustrated in Figure 21 . However, the 3 rd harmonic exhibits quadratic behaviour potentially because of reducing gear vibration with increasing helix angle. 
